Abstract: For a projective nonsingular curve of genus g, the Brill-Noether locus W r d (C) parametrizes line bundles of degree d over C with at least r + 1 (linearly independent) sections. When the curve is generic and the Brill-Noether number ρ(g, r, d) equals 1, one can then talk of the Brill-Noether curve. We introduce combinatorial methods that, with help from the theory of limit linear series, allow us to find invariants of Brill-Noether loci. In particular, we explore the first two invariants of the Brill-Noether curve, giving a new way of calculating the genus of this curve and computing its gonality when C has genus 5. Keywords: Brill-Noether curve, limit linear series, genus. 
Let C be a projective nonsingular curve of genus g defined over an algebraically closed field and let Pic of the Brill-Noether curve. Kempf [13] computed the genus of this curve when r = 1. Later Pirola [21] and Eisenbud-Harris [8] , using the determinantal adjunction formula of Harris-Tu [12] , calculated this genus for arbitrary r as
While the φ r d,g give a collection of rational maps between moduli spaces of curves, their images are mostly unknown. Farkas [9] and Ortega [16] worked on several questions around or using these maps and posed questions about the gonality of the generic point in the image of φ r d,g . In this note, we provide a new method for computing the genus of the Brill-Noether curve when r = 1. We also find its gonality in the first interesting case, namely when g = 5 and r = 1. In addition, our techniques provide a different approach to the computation of the Castelnuovo numbers, that is, the number of linear series of fixed degree and dimension when this number is finite (see Theorem 1.6).
Our results are obtained by degenerating the given curve to a chain with elliptic components and describing explicitly the Brill-Noether curve in this situation. The novelty of our work relies on the use of this degeneration and combinatorial methods to compute topological invariants of Brill-Noether loci. The existence of a proper moduli space of limit linear series in families, recently proved by Murray and Osserman in [15, Corollary 3.4] , allows for our degeneration arguments to carry through.
We emphasize that our methods could also be used to find the gonality for values of g other than 5. The description of the degeneration of the Brill-Noether curve in these cases, as the reader will observe in Section 1, results in more involved combinatorics. While most of the results of the paper may not be new, the techniques certainly are. First, the combinatorial analysis arising from the description of the limit linear series over the class of curves we consider can be applied to any values of r, d. Our work has been recently extended by López and Teixidor in joint work with Chan and Pflueger [5] to recover expression (1) for the genus of W r d (C) for all values of r and extend the results to the case of preassigned ramification at two general points on the curve. We plan to use the ideas developed here in the computation of further topological invariants when the dimension ρ of the Brill-Noether loci is greater than 1, e.g. when the Brill-Noether loci are surfaces.
It is worth mentioning that the combinatorics arising in the description of the limit linear series over the class of curves we consider is very similar to the one that appears in the tropical proof of the Brill-Noether theorem in [6] . There, the authors considered chains of loops with generic edge lengths to prove a tropical analogue of the well-known Brill-Noether theorem. In [14] , López and Teixidor discuss the parallels between chains of elliptic curves and tropical chains of loops.
Degeneration methods and the genus of the Brill-Noether curve
Degeneration methods on the moduli space of stable curves have been used by many authors. Eisenbud and Harris [7] introduced limit linear series on reducible curves of compact type, a technique that allowed the use of reducible curves in the solution of several classical and novel problems. An account on this method and applications can be found in [10] . See also [24] .
Recently, Osserman [20] generalized Eisenbud and Harris' work, constructing a proper moduli space of Eisenbud-Harris limit linear series for families of curves. Hence, in order to compute the genus and gonality of the one-dimensional Brill-Noether locus on a general curve, we consider a family of curves over the spectrum of a discrete valuation ring such that the generic fiber is a generic nonsingular curve C of genus g, while the central fiber C 0 is a generic chain as follows: Definition 1.1. Let C 1 , . . . , C g be elliptic curves each with points P i , Q i , i = 1, . . . , g. Glue Q i to P i+1 , for i = 1, . . . , g − 1. The genus of the resulting curveC is g; we shall call such a curve a chain of elliptic curves (of genus g). The chain is said to be general when the choice of pairs of points on the elliptic components is general. For our purposes, this means that P i − Q i is not a torsion point in the group structure of C i . Remark 1. The curveC uniquely determines P 2 , . . . , P g , Q 1 , . . . , Q g−1 . The points P 1 , Q g are generic satisfying the condition that P 1 − Q 1 , P g − Q g are not torsion points. It simplifies our notations in the proof of Lemma 1.3 to fix them from the start.
In this first section, we provide a new proof of the expression computing the genus of a Brill-Noether curve. Using degeneration techniques, it suffices to compute the genus of the space of limit linear series on a chain of elliptic curves. Theorem 1.2. Let a ∈ ℤ ≥1 and C be a generic curve of genus g = 2a + 1. Then the genus of the Brill-Noether
where c a is the a-th Catalan number
For the generic non-singular curve C, of genus g = 2a + 1, W 2 a+2 (C) is empty and therefore W 1 a+2 (C) can be considered either as the space of linear series or as its image in the Jacobian. This is no longer the case for the type of reducible curve we will be using. In order to take advantage of degeneration techniques, we will replace the Brill-Noether curve W 1 a+2 (C) with the curve of limit series G 1 a+2 (C). 
where ε i = 0 if we are in the situation above and ε i ≥ 1 otherwise. Therefore,
On the other hand, by definition of limit linear series, u i+1 l
From (2) and (3) we conclude that
As in our case ρ(g, r, d) = 2d − g − 2 = 1, then ε i = 0 for all components but (at most) one. Note that when ε i = 0, the aspect of the linear series on the component C i is determined by the choice of the subindex l(i)
and the space of sections will contain the two sections with vanishing at
When ε i 0 = 1, we are in one of the following two situations:
Then, on C i 0 the line bundle is free to vary and therefore moves in the Picard variety of C i 0 which is isomorphic to the curve
. The space of sections contains the section with maximum vanishing at the nodes plus an additional section that vanishes at P i 0 to order a = u
, the choice of an arbitrary section (up to a scalar) of this 2-dimensional vector space is equivalent to the choice of a point in ℙ 1 . We obtain then a rational component.
Let us start by considering Case (a): the limit linear series is determined by choosing on each of the com- 
1 is the number of times we did not choose l(j) = 1 on the components j < i, while u i 2 is one more than the number of times we did not choose l(j) = 2 on the components j < i. This number of "non-chosen" components includes j = i 0 if i 0 < i when we chose the line bundle to be general. As u i 1 < u i 2 , this means that, on any subcurve starting at C 1 , we cannot choose l(j) = 2 more times than we choose l(j) = 1.
This condition can be formulated in combinatorial terms using the subindices in the expressions of the line bundles: we have to choose occurrences of the numbers 1 and 2 on a list/array of length 2a so that both 1 and 2 appear a times each, and the number of occurrences of 2 up to and including any position on the list is always less than or equal to the number of occurrences of 1 up to that same position. We call an array satisfying these conditions admissible. The number of such choices is given by the Catalan number c a , see
We can describe the components of the Brill-Noether curve corresponding to Case (a) in terms of paths in a 2-dimensional lattice from (0, 0) to (a, a) never rising above the diagonal with steps (1, 0) and (0, 1) (that we identify with subindices 1 and 2 respectively) together with a marked vertex¹. The vertex will represent the ith component of the original curve where the bundle is generic. See Figure 1 for the case of genus 3.
With this representation, the vanishing at P i+1 can be described from the position (a i , b i ) of the end of the path after i steps as
Consider now Case (b): the limit linear series is determined by choosing on component and taking on C 1 the linear series consisting of the section vanishing to order 3 at Q 1 and an arbitrary section (not vanishing at Q 1 ). The second rational component is obtained by taking line bundles
and taking on C 3 the linear series consisting of the section vanishing to order 3 at P 3 and an arbitrary section (not vanishing at P 3 ). 
More generally, the number of g r r(a+1) s on a curve of genus a(r + 1) is given by the generalized Catalan number
Proof. The proof of Lemma 1.3 can be used to describe W r r(a+1) on a curve of genus a(r + 1). In this case ρ = 0 and (with the notation in the proof of Lemma 1.3) all the ε i = 0. Therefore, the Brill-Noether locus is finite and on our reducible curve, its points correspond to the number of ways to order a copies of each of the numbers 1, . . . , r + 1 so that at each position in the corresponding array a larger number does not appear more times than a smaller number. The number of arrays of this form is given by the generalized Catalan numbers. These numbers arise as the solution to the many-candidate ballot problem in combinatorics; see [26] . 
a+2 (C) parameterizes a space of limit linear series such that each aspect of the series is completely determined except over one component C i 0 ofC. When H is elliptic, the line bundle is free to vary on C i 0 , H ≅ C i 0 and in the geometric representation of the set of components, i 0 corresponds to the marked point in the path. When H is rational, the line bundle is determined on C i 0 but the space of sections can vary. In the geometric representation of the set of components, i 0 corresponds to the slanted segment of the path.
The vanishing of the aspect of the limit linear series on C i at the node P i is determined by the end of the path after its (i − 1)th step. The aspect of the limit linear series on the component C i is determined by the vanishing at P i and Q i , or equivalently by the vanishing at P i and at P i+1 . If two components of G 1 a+2 (C) intersect, they are identical except on the two components ofC where one of the two aspects is not determined. This implies that the two paths are identical except at steps that correspond in one of the two paths to a node or a slanted segment. . Again the component is elliptic or rational depending on whether
. Therefore, two elliptic components intersect if and only if they correspond to the same path with consecutive chosen nodes. In addition, an elliptic component whose node is not over the diagonal intersects two rational components.
A rational component intersects two other components except in the case when the slanted segment is in position 1 or g, in which case it intersects only one. The components the rational curve intersect are again rational if the direction of increase of the slanted step is the same as the previous (respectively subsequent) step, elliptic if the directions of increase of the previous (respectively subsequent) step is perpendicular. a+2 (C) as a determinantal variety, it applies to our situation as well. The Petri map is known to be injective for a generic chain of elliptic curves; see [25] , [3] , [4, Section 2]. It follows that G 1 a+2 (C) is non-singular on the set of fine limit linear series, that is, except over the points of intersection of two components. Moreover, a determinantal variety does not have immersed components. Therefore, the curve is reduced. 
where K is the canonical sheaf. For a nodal curve or a family of nodal curves, the Petri map still makes sense when replacing the canonical line bundle with the dualizing sheaf or relative dualizing sheaf.
The curve G 1 a+2 (C) contains rational components and these component have either one or two points of intersection with the rest of the curve. Contracting these rational components, we obtain a curve that we denote by W 1 a+2 (C), as it parameterizes line bundles for which a linear series exists.
Lemma 1.9. The number of points of intersections of components of the Brill-Noether curve W
Proof. We checked in Lemma 1.3 that every elliptic component of G 1 a+2 (C) (corresponding to a path and a node) intersects the elliptic components corresponding to the same path and the previous and subsequent node. In this way, for every path we obtain a chain of genus g which is a sub curve of G 1 a+2 (C). Let us see now what are the new nodes of W 1 a+2 (C) obtained by contraction of rational components. A rational curve with slanted segment at step i intersects another rational curve with slanted segment at step i − 1 if l(i) = l(i − 1), it intersects an elliptic curve if l(i) ̸ = l(i − 1) and the analogous statement is true for i + 1. Therefore, if contracting a chain of rational curves produces a new node between two irreducible components of W 1 a+2 (C) corresponding to choices then the beginning and end of the two sequences should be identical while the piece in the middle between i 0 , i 0 should be a straight line with one corner on each of the two sequences:
We are interested in counting how many of these intersections we have. For each pair (path, marked vertex) where the marked vertex precedes a horizontal segment, one can construct a lattice path corresponding to an intersection with the given pair, except when the marked vertex lies on the diagonal. The total number of these pairs is (a − 1)c a , regardless of where the vertex is. The number of paths when the marked vertex is on the diagonal is the product of the number of paths from (0, 0) to this vertex and the number of paths from the vertex to (a, a), i.e. the product of Catalan numbers c k c a−k . The number of nodes obtained in this way is therefore
By symmetry (reversing the order of the indices), we have the same number for the set of pairs (path, marked vertex) where the marked vertex precedes a vertical segment. Therefore, the total number of nodes of the Brill-Noether curve is Assume that we have
Then this component intersects the following components:
(1) If i 0 > 1, the component H 1 corresponding to the same path with node on the (i 0 − 1) th step, that is
(2) If i 0 < g, the component H 2 corresponding to the same path with node on the (i 0 + 1) th step, that is
(3) If the node corresponding to i 0 is not on the diagonal, the component H 3 with a node at step s − 1 and corresponding values of l 3 given by
(4) If the node corresponding to i 0 is not on the diagonal, the component H 4 with a node at step t and corresponding values l 4 given by
Denote by (a, b) the coordinates of the node on the path corresponding to X (or equivalently, the end of the (i 0 − 1) th step of the path). To fix ideas, assume that we have
, the remaining two cases being similar. Then the end of the (i 0 − 1) th step of the path corresponding to the four components
The aspect on C i 0 of a linear series in H α , α = 1, . . . , 4 has the line bundle O(u
. From our descriptions of the l α , α = 1, . . . , 4 and the assumption l(i
Then, using Equation (4) the four line bundles of the aspects on C i 0 are a+2 (C) corresponds to fixing line bundles on each irreducible component ofC and fixing all but one space of sections while allowing the remaining space of sections to vary on one of the Grassmannian bundles. An elliptic components of G 1 a+2 (C) corresponds to fixing line bundles and spaces of sections on all but one of the irreducible components ofC while allowing the remaining line bundle to vary (and the space of sections varies with the line bundle in a precisely determined way). Two intersecting components of G 1 a+2 (C) correspond to a variation of the data in two adjacent components ofC. So, the components of G 1 a+2 (C) correspond to variation of the data on two different factors of the product of Grassmannian bundles and therefore intersect transversally. Similarly, two intersecting components of W 1 a+2 (C) correspond to a variation of the data in two (not necessarily adjacent) components ofC and therefore move in two different factors of the product of Grassmannian bundles. So the intersection is again transversal. a+2 (C) which we showed in form chains intersecting the rest in either one or two points.
2
Proof of Theorem 1.2. Consider a family of curves parameterized by B, the spectrum of a discrete valuation ring, with central fiberC and generic fiber a non-singular curve of genus g. From Lemma 1.3 and Lemma 1.8, the space of limit linear series on the family satisfies the conditions of Corollary 3.4 in [15] . Therefore, the family is flat over B and the genus of the space of linear series on the non-singular curve is the same as the genus of
by collapsing a few bridges of rational components and a few rational tails, the genus does not change in the process. It suffices then to compute the genus of W 1 a+2 (C). This number can be obtained by adding the genus of its irreducible components and the number of nodes and subtracting the number of components minus one:
The result follows now from Lemma 1.3 and Corollary 1.9. The gonality gon(C) of a smooth curve C of genus g is considered the second natural invariant of C, after its genus, and it is defined as
The goal of this section is to show that, for a generic curve C of genus 5, the Brill-Noether curve W 1 4 (C) has gonality 6.
Let us first note that a generic curve C of genus 5 is the complete intersection of three quadrics in ℙ 4 . The singular quadrics containing the curve give a non-singular quintic in the ℙ 2 of all quadrics containing the curve. The curve W 1 4 (C) is an unramified double cover of this plane quintic; see [2, p. 207] and [23, Section III] . By [1, Section 3] an étale double cover of a curve of even genus has gonality less than the maximum. In our case, as W 1 4 (C) has genus 11, this observation implies that gon(W 1 4 (C)) ≤ 6. Our proof below will show that W 1 4 (C) is not 5-gonal and will therefore imply that gon(W 1 4 (C)) is exactly 6. Let us consider a family of curves so that the generic fiber is a generic smooth curve of genus 5 and whose central fiber is a chain of 5 elliptic curves as in Definition 1.1. On the non-singular curve C, W 1 4 (C) ≅ G 1 4 (C). (i) The set of nodes of C is precisely the preimage under f of the set of nodes of D.
(ii) The smooth ramification points of C are the marked points of C.
(iii) Lift f tof :C →D on the normalizations of C and D. Then for each node of C, the ramification indices off at the two points ofC lying above the node coincide.
LetC be a chain of five elliptic curves. By the work in the previous section, the Brill-Noether curve W 1 4 (C) can be described in terms of the two arrays (1, 2, 1, 2)(1, 1, 2, 2 ), see the proof of Lemma 1.3. Each sequence gives rise to five components of W 1 4 (C) isomorphic to each of the five components of the given curveC. We summarize the possibilities in the following tables.
The column in the far left indicates the combinatorial type mentioned above. Each of the remaining columns corresponds to one of the five components of the Brill-Noether curve. An entry aP + bQ on the i th row means that the limit linear series on C on the component i corresponds to the line bundle O(aP i + bQ i ). An entry assigned the value L indicates that we are choosing an arbitrary line bundle on this component (and therefore this gives a one-dimensional choice).
Two components of the Brill-Noether curve intersect when three of the entries that are completely determined (that is, not an L) in both are identical. For example, the component C 2 intersects C 1 at the point P + 3Q, C 3 at the point 2P + 2Q, and C 4 at the point 4Q. Similarly, the component C 2 intersects C 1 at the point P + 3Q, ii. An admissible cover of degree 4 of the circuit onto a rational curve R is ramified at at least 2 nodes and every elliptic component D i of D maps with degree two on its image.
iii. An admissible cover of degree 5 of the circuit onto a rational curve R is ramified at at least 1 node.
Proof of the claim. A map of an elliptic curve to a rational curve has degree at least two. Assume that D i maps to a rational component R i of R and that P is a node of R lying on R i at which the map D i π → R i is not ramified.
Let R j be the other component of R gluing with R i at P. There are two (or more if the map of D i to R i has degree greater than two) points of D i mapping to P, therefore, there are (at least) two branches of D gluing with these two points. As R is connected, every component of R can be joined to the component R i with a tree. Therefore every elliptic component not ramified over any node contributes two units to the degree of the map over every rational component R k of R. Because every elliptic curve is joined to two more elliptic curves, six of these contributions are double counted. So the degree of the map is at least
where δ is the number of nodes over which the map is ramified and equality would imply that all the maps D i → R i have degree two.
If the admissible cover has degree at most three, then 6 − δ ≤ 3. By the generality of the pair of points on a given elliptic component, there cannot be two ramification points on a single component. As there are six components and each node is common to two components, there cannot be more than 3 ramification nodes for the map. Hence, if the degree of the admissible covering is at most three, the degree of the map of each elliptic component over the corresponding R i is two and δ is three. Up to contracting a few rational components that glue to the rest at only one point in both D and R, we can assume that there is one elliptic component D i mapping to a rational component R i that intersects the rest of R at only one point. Then both nodes of D i map to the same point on R. As the map D i → R i is of degree two, it cannot be ramified at these points and we have a contradiction with the assumption that every component has a ramification node. This shows that there are no admissible covers of degree three.
The proof that the admissible cover of degree four and five have δ ≥ 2 and δ ≥ 1 follows similarly.
Assume now that we have an admissible cover of degree at most five on the whole Brill-Noether curve. Restricting to the circuit and contracting suitable rational components attached at a single point, we obtain an admissible cover of the circuit onto a rational curve.
Assume that the degree of the admissible cover restricted to the circuit is four. Then there are at least two ramification points on the circuit. Consider now one of the tail components of the Brill-Noether curve (a curve not on the circuit). It is attached to the curve say C i (or C i ) in the circuit at one point X i ∈ C i where X i satisfies 2X i = Y i + Z i and Y i , Z i are the points of intersection with the rest of the circuit and are generic points on C i . As the admissible cover is ramified at one of the nodes in the circuit, the map of the elliptic curve to the rational curve is given by the linear series either |2Y i | or |2Z i |. As 2X i ̸ ≡ 2Y i and 2X i ̸ ≡ 2Z i , the map cannot be ramified at X i . Hence, the addition of that component adds degree one to the admissible cover of the circuit. As we have at least two such components, this would bring the degree from 4 to 6 contradicting the assumption that the degree of the admissible covering is at most five. admissible cover of degree 6. Remark 4. It is also easy to obtain an unramified double cover of the Brill-Noether curve to a curve of genus 5
(in lieu of the plane quintic): one should consider the curve obtained by attaching C 2 , C 3 , C 4 to each other at the points Y i , Z i forming a circuit. Attach then C 1 to C 2 and C 5 to C 4 using the point X. Then each C i , C i can be mapped bijectively to the corresponding C i giving rise to the double cover.
